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Abstract. One of the characteristic examples of the inability of the classical linear frequency response (FR)
method to identify the correct kinetic mechanism is adsorption of some substances (p-xylene, 2-butane, propane
or n-hexane) on silicalite-1. The linear FR resulted with bimodal FR characteristic functions, which fitted equally
well to three different kinetic models: nonisothermal micropore diffusion, two independent isothermal diffusion
processes, and an isothermal diffusion-rearrangement process. We show that the second order frequency response
functions (FRFs), obtained from the nonlinear FR, can be used for discrimination among these three mechanisms.
Starting from the nonlinear models, we derive the theoretical expressions for the first and second order FRFs
corresponding to these three mechanisms and show that different shapes of the second order FRFs are obtained for

each mechanism. This would enable identification of the real mechanism from nonlinear FR data.

Keywords: nonlinear mathematical models, nonlinear frequency response method, bimodal characteristic

functions, isothermal and nonisothermal models

Introduction

Frequency response (FR) is one of the most commonly
used methods for process dynamics investigation and
model identification. After the pioneer work of Naph-
tali and Polinski (1963), it has also been used to in-
vestigate the kinetics of adsorption. A detailed list of
references on investigation of adsorption kinetics by
the FR method is given in some of our previous pa-
pers (Petkovska and Do, 1998, 2000). All those inves-
tigations assume system linearity, in spite the fact that
adsorption systems are generally nonlinear.

One of the main drawbacks of this classical, lin-
ear frequency response method for investigation of ad-
sorption kinetics is that, in a number of cases, same

*To whom correspondence should be addressed.

shapes of linear FR characteristic functions are ob-
tained for different kinetic mechanisms, so the FR
method is reduced to estimation of kinetic parame-
ters of an assumed model. One example of such be-
haviour are the same shapes of characteristic curves ob-
tained for adsorption governed by Langmuir kinetics,
micropore diffusion or pore-surface diffusion mecha-
nisms (Park et al., 1998). Another very characteristic
example are the bimodal characteristic functions, with
two maxima of the out-of-phase functions and two in-
flection points of the in-phase characteristic functions,
obtained by Rees and co-workers, for adsorption of
2-butane, p-xylene, propane or n-hexane on silicalite-
1 (Shen and Rees, 1991, 1995; Song and Rees, 1996,
1997). Their results were shown to fit equally well to
three different mechanisms: nonisothermal micropore
diffusion, two parallel isothermal diffusion processes,
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Figure 1. Frequency response of a nonlinear system.

and the so-called, isothermal diffusion-rearrangement
process (Sun and Bourdin, 1993; Shen and Rees, 1995;
Song and Rees, 1996, 1997).

In our work on investigation of adsorption kinetics
by FR, we have been developing a new technique, based
on nonlinear FR and on the concept of higher order fre-
quency response functions (FRFs) (Petkovska and Do,
1998, 2000; Petkovska, 1999, 2000, 2001). Some de-
tails about nonlinear FR and the concept of higher order
FRFs can be found in these references. Here we give
only some basic remarks. Contrary to linear FR, which
consists only of the basic (first) harmonic, nonlinear
FR also contains a DC component and an indefinite
number of higher harmonics (Fig. 1, Eq. (1)).

y=Yypc+yr+yu+ym+---

= ypc + Bicos(wt + ¢1) + By cos(2wr + ¢n)
+ B cos(3wt + ¢mp) + -+ (1)
The concept of higher order FRFs assumes replace-
ment of the nonlinear model G with a series of linear
FRFs of the first, second, third, etc. order (G, G», G3,
etc.) (Weiner and Spina, 1980). For weakly nonlinear
systems (such as adsorption ones) G(w) corresponds
to the dominant term of the first harmonic:
yi = Bicos(or + ¢1) = {(A/2)G (@)
+3(A/2)°G3(w, ®, —) + - -} &/
+{(A/2)G1(~w) +3(4/2)°
X G3(w, —0, —») + -} " (2)
G, (w,w) to the dominant term of the second harmonic:

yi = BiicosQot + ¢n) = {(A/2)*Gor(w, w)
+4(A)2)*Galw, ®, 0, —w) + - -}
+{(A/2)’ G (0, —w)
+4(A/2)* Gy(w, —w, —w, —w) + - -} e 2!

3)

G, (w, —w) to the dominant term of the DC component
yoe = 2(A/2)*Gr(w, —w)

+6(A/2)'Gy(w, w, —w, —w) + -+ (4)

etc.

In our previous papers (Petkovska, 1999, 2000;
Petkovska and Do, 2000) we have shown that the
second order FRFs give enough information for dis-
crimination among different single mechanisms of ad-
sorption, owing to the difference in their shapes. The
purpose of this paper is to show that different shapes
of the theoretical second order FRFs are obtained for
the three models used to describe bimodal characteris-
tic curves obtained by Rees and his co-workers. That
would enable identification of the correct kinetic mech-
anism, once having nonlinear FR experimental data.
We want to point out that our aim in this paper is
not to analyse all cases which can result with bimodal
FR characteristic curves, but only to show that the non-
linear FR method can efficiently resolve the dilemma
about the correct mechanism corresponding to the
experimental results of Rees and his co-workers.

Mathematical Models

The three models used to explain the bimodal char-
acteristic curves have been given in detail elsewhere
(Shen and Rees, 1991; Jordi and Do, 1992; Sun and
Bourdin, 1993). Here we will give only the basic infor-
mation about them and the model equations. In order
to investigate nonlinear FR, we will use model ver-
sions with general nonlinear adsorption equilibrium re-
lations. Model equations for the three models are listed
in Table 1.

Model 1. This model assumes an isothermal mecha-
nism of two parallel, independent diffusion processes
in two different types of micropores (an assumption
based on the presence of two types of channels: straight
and sinusoidal, in silicalite-1) (Shen and Rees, 1991).
The processes in the two types of pores are each de-
fined by their separate diffusion coefficients (regarded
as constants) and adsorption isotherm relations. The
nonlinear adsorption isotherms are shown in the Taylor
series form, and equilibrium at the micropore mouth
is assumed. The model equations are given in the first
row of Table 1 (Egs. (5) to (9)). In these equations ¢ is
time, r,, spatial coordinate of the microparticle and R,
its half-dimension. All dependent variables: the gas
pressure p, the sorbate concentration in the solid phase
at position r, ¢, and its mean value (g) are defined
as nondimensional deviations from their steady state
values. D, is the micropore diffusion coefficient, o
the shape factor (0 for slab, 1 for cylindrical and 2
for spherical microparticles) and y the fraction of the
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Table 1. Model equations.
Model Model equations
Model 1: Mass balances:
9
Two independent isothermal ﬂ = D,, Vq (5)
Y i
micropore diffusion processes dg> 5
ET Dy, Vg (6)
Boundary conditions:
9 a
PO s L %)
ary, ory

rw=Ruq1= fl(p):ap|p+bpp|p2+"'
@ = f2(p)=ap,p +bpp,p* + ®)
Mean sorbate concentration in the particle:

o+ 1
R}

{q) = x

Model 2: Mass balances:

3 3
Isothermal diffusion- a 4

rearrangement model ot

g2

—— = ki(q1 + D(qo, — q2) — ka(q2 + D(qo0, — q1) = K191 — K292 + K3q192

ot
Boundary conditions:

g1

Lm

=0

ry =0:

ru=Ruiqi= filp) =ap p+bpp,p*+---

Ry,
/O rqu(r;t)dru.”‘(l_)()

rye +8? = D/LIVZ(II

g

+1 [
RO /(; quZ(r;L)dru (&)
n

(10

an

12
(13)

Mean sorbate concentration in the particle: same as for Model 1

Model 3: Material balance:
9
Nonisothermal micropore a—z = DMqu (14)
diffusion model Boundary conditions:
dq
=0 — =0 15
T or (15)
ru=Ruiq=f(p.Ty) =app+arTy +bpyp* +brr T2 +byrpTy + - -- (16)
Mean sorbate concentration in the particle:
o+1 (R .
(q) = 7 A rﬂq(r/t)dru (7
"
Heat balance:
dT, d{q)
— =g T, — T, 18
’r £ o T (Ty —Tp) (18)

sorbate corresponding to the micropores of the first
type, at equilibrium. The subscripts 1 and 2 correspond
to the pores of the first and second type, respectively.
When the diffusion coefficients in the two types of
micropores differ enough, the bimodal characteristic
curves are obtained.

Model 2. This, so-called isothermal diffusion-
rearrangement model (Jordi and Do, 1992), again cor-
responds to adsorbent with two types of micropores,
but it assumes that diffusion takes place only in one

type of micropores (transport pores), while the other
type serves only for storage of the sorbed molecules
(storage pores). This mechanisms can also result with
bimodal characteristic curves. The model Egs. (10) to
(13) are given in the second row of Table 2. The rate of
mass exchange between the two pore types is defined
by a Langmuir rate Eq. (11). In these equations g is
the sorbate concentration in the micropores at max-
imal coverage, k; and k, the rate constants defining
the mass transfer between the transport and the storage
pores, x the fraction of the sorbate corresponding to the
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transport pores, at equilibrium, and § the ratio of the
equilibrium sorbate concentrations in the storage and
in the transport pores. The subscripts 1 and 2 corre-
spond to the transport and storage pores, respectively.
All other notations are the same as for model 1. The
assumption of the equilibrium at the micropore mouth,
constant diffusivity and the Taylor series expansion ex-
pression of the adsorption isotherm are used as well.

Model 3. This model, which assumes that the adsorp-
tion kinetics is governed by a single nonisothermal
micropore diffusion process (Sun and Bourdin, 1993),
can also result with bimodal characteristic curves. The
model Eqgs. (14) to (18) are listed in the third raw of

Table 1. The heat balance Eq. (18) was based on an
assumption of a gas film heat transfer control with uni-
form particle temperature. In these equations 7, and 7,
are the particle and gas temperatures, respectively, de-
fined as nondimensional deviations from their steady
state values, while & and ¢ are the modified heat of
adsorption and the modified heat transfer coefficient.
All the other symbols, as well as the assumptions of
constant diffusivity and equilibrium at the micropore
mouth are used in the same way as for models 1 and 2.
The adsorption equilibrium relation is again given in
the Taylor series form, only this time taking into ac-
count both pressure and temperature dependence. A
detailed description of this model, for the more general

Table 2. First and second order frequency response functions for three models (for o = 0).

Model Frequency response functions
Model 1: First order FRF:
Two independent Fip(@) = xap ®(a1(w) + (1 — x)ap, Plaz(w)) 19
isothermal micropore Second order FRFs:
diffusion processes
P Fa,pp(@, w) = xbpp, Qo (@) + (1 = x)bpp, PQLo2(w)) (20)
Fy pp(@, —w) = xbpp, + (1 = X)bpp, 21
. tanh(a) jo jo
with: ®(a(w)) = ,a1(w)= | —R,,a3(w)= | —R
a(w) Dy, . %3 .
Model 2: First order FRF:
Isothermal diffusion- Fip(@) = (x + 1 = x)B(w)ay, P(a(w)) (22)
rearrangement model Second order FRFs:

P2, pp(@, @) = (x + (1 = Y)BRoNC* d(a(2w))+ D} D(a(w)) + Dicosh (@ (w))}

+0.5(1 — )()l(l‘l K3a[2)] B(w)BRw){P(x(w)) + cosh’z(a(a)))} (23)
Papp(@, —») = (x + (1 = Y)K1 K3 b pp,
+ K5 ' K3a2 Re(B(o){o? (@) — &)}~ Ha(w)P(a()) — @(0)(@(@))} 24)
K

with: B(w) =

Ky + jo

*

K3day, f(@)BRo)wj

' KDy, (42(0) — a2Qw))’ 2

(@) = [ 22 (1 4+ 8B(@)R,.. &(@) = conj(@(@))

7
_ K3daj f@)BRo)wj
KD, 0?*QQw)

C* = byy, — 2D} + (D} — D})cosh™>(2a(w))

O(a(w)) same as for Model 1

Model 3: First oder FRF:
0]
Nonisothermal micropore Fip(w) = M (25)
diffusion model —ar M) P(@()
Second order FRFs:
.0 bpp + bpr M)y p(@) + brr AX(@)F} () P20 6
W, w) = aw
»re 1 — ar AQw)d(a(2w))
Fa,pp(@, =) = bpy + bpr Re(A(@)F1,p(@)) + brr| A@) 1 p(@)|? (27)
with: A() = 2 = |1%R,.
stjo D,

O(a(w)) same as for Model 1
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case of variable diffusivity, can be found in Petkovska
(2000).

First and Second Order FRFs

Starting from the nonlinear models defined in Table 1,
the first and higher order FRFs can be derived. As they
are derived from the models defined on the particle
level, these are particle FRFs (Petkovska, 2001), re-
lating the change of the mean sorbate concentration
in the microparticle (g) and the change of the gas
pressure p. The procedure for theoretical derivation
of higher order FRFs is given in detail in one of our
previous papers (Petkovska, 2001). The same notation
as in our previous papers was used to designate these
functions (Fi ,, F> pp,...). It was found that the sec-
ond order FRFs give enough information for model
discrimination (Petkovska and Do, 2000), so our anal-
ysis is restricted to the first and second order FRFs. For
slab microparticle geometry (which can be assumed for

10

o 't T -
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o d \\
w \\
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= = S
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= 9 PP ~
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N
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PHASE ANGLE (rad)
N
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(a)

silicalite-1 (Shen and Rees, 1997)), the first and second
order FRFs can be derived analytically. The resulting
expressions are listed in Table 2.

Although model 3 is nonisothermal, and thus re-
quires six series of particle FRFs for complete descrip-
tion of the system (Petkovska, 2000, 2001), only the
FRFs correlating the mean concentration in the solid
phase (g) and the gas pressure p are given, in order to
be compared with the functions obtained for models 1
and 2 which are isothermal.

Using the expressions given in Table 2, the first
and second order FRFs corresponding to the three
models were simulated. Some of the simulated results
are given in Figs. 2—4 (corresponding to models 1-3,
respectively). The model parameters for these simu-
lations, given in Table 3, correspond to adsorption of
n-hexane on silicalite-1 at 0.133 kPa (1 Torr) and 373 K
(Shen and Rees, 1997).

The FRFs are complex functions of frequency. In
order to get full insight into all their features, we are

REAL PART

IMAGINARY PART

10 10 10 10" 10 10 10
o (rad/s}

(b)

Figure 2. First and second order FRFs for model 1 (for n-hexane on silicalite-1 at 0.133 kPa and 373 K): (a) amplitude and phase functions;

(b) real and imaginary parts.
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Figure 3. First and second order FRFs for model 2 (for n-hexane on silicalite-1 at 0.133 kPa and 373 K): (a) amplitude and phase functions;
(b) real and imaginary parts.

showing them in two different forms: amplitude ra-
tios and phase angles vs. frequency (Figs. 2(a)-4(a))
and real and imaginary parts vs. frequency (Figs. 2(b)-

4(b)).

The results presented in these figures are only a seg-

ment of the simulation results, obtained with the model
parameters given in Table 3. Here is the summary of
the characteristic features of the first and second order
FREFs for the three models:

Model I: The functions Fi ,(w) and F_,,(w, w) have
similar behaviour: amplitude functions have hori-
zontal asymptotes for @ — 0 and asymptotes with
slope —0.5 for w — oo, with two changes of slope;
phase functions go from 0 or —7 (forw — 0)to —/4
or —51/4 (for w — 00), with two inflection points;
the real parts have two changes of slope with hori-
zontal plateaus; the imaginary parts have two minima
(Fi, p(w)) or two maximums (F3 ,,(w, ®)).

The function F3 ,,(w, —w) is constant, real and,
for the case of favourable isotherms, negative

(Petkovska, 2000):

F2,pp(w’ —w) = Xbppl + (1 - X)bppZ (28)

e Model 2: The first order FRF Fy ,(w) has same char-

acteristics as for model 1.

The second order FRF F; ,,(w, w) has similar
asymptotic behaviour as F; ,(w). For the case pre-
sented in Fig. 3 it has a small maximum of the ampli-
tude characteristic and a small minimum of the real
part, and its imaginary part changes the sign. In some
simulations for other steady-state pressures and
temperatures, imaginary parts with two maximums
were also obtained.

The second order FRF F; ,,(w, —w) has horizontal
asymptotes at different levels for o — 0 and w — oo:

lim F pp(@, =)= (x + (1 = X)K1 K5 )by,
+(1— KKy Kza,  (29)
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Table 3. Model parameters used for simulation—adsorption of n-hexane on silicalite-1 at 0.133 kPa
(1 Torr) and 373 K (Shen and Rees, 1997).

Model 1

Model 2

Model 3

Dy =2.3322x 107 m%/s
Dy» =1.2407 x 10710 m%/s

Dy =2.4083 x 1072 m%/s
R,=2x10"m

D, =2.6878 x 10~°m?/s
R,=2x10"m

139

R,=2x10"m K1 =0.2085 a,=0.3274
a1 =0.51454 K2 =0.5236 ar =—1.1054
bpp1 = —0.24979 K3=0.5436 bpp =—0.22021
a, =0.19344 a,1 =0.45675 brr =0.46125
bppa = —0.15602 bpp1 =—0.24813 bpr =0.38156
x =0.37574 x =0.47953 £=0.37092

5§=1.0854 £=0.70423 57!

lim F pp(w, —0)= (X +(1 — 0K, K{l)b,,pl e Model 3: F; ,(w) has same characteristics as for
W= models 1 and 2.
(30)

so its amplitude is an increasing, and its real part a

decreasing function of frequency.

The second order FRF F; ,,(w, ®) has similar
asymptotic behaviour as F ,(w). For the case pre-

sented in Fig. 4, its characteristic curves have similar
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Figure 4. First and second order FRFs for model 3 (for n-hexane on silicalite-1 at 0.133 kPa and 373 K): (a) amplitude and phase functions;

(b) real and imaginary parts.
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Figure 5. Amplitude functions of F, p,(w, —w) for models 1-3.

shapes as F ,(w), just of the opposite sign. For some
other cases, a maximum of the amplitude character-
istic and a minimum of the real part, with a change of
sign of the imaginary part were obtained (Petkovska,
2000).

The second order FRF F, ,,(w, —®) has horizontal
asymptotes for w — 0 and w — oo at the same level:

Lle)]l)n() FZ,pp (0, —w) = w]l—>ngo FZ,pp(w’ —w) = bpp

€29

but shows a minimum of the amplitude characteristic
and a maximum of the real part, for the case shown in
Fig. 4. For some other cases, the amplitude character-
istics had a maximum and the real parts a minimum
(Petkovska, 2000).

Conclusions
The analysis of the second order particle FRFs corre-

sponding to the three models used to explain bimodal
FR curves shows that they have some specific features

w (radfs)

that can be used for their discrimination. The function
F>, pp(w, —w), which defines the main term of the
DC component of the nonlinear FR, seems especially
interesting in that sense: it is constant for the case of
two independent isothermal micropore diffusion pro-
cesses, its amplitude increases between two horizontal
asymptotes for the isothermal diffusion-rearrangement
process and it has an extremum for the case of a single
nonisothermal micropore diffusion process (the am-
plitudes of the F, ,,(w, —w) functions corresponding
to the three models are presented together in Fig. 5,
for comparison). This means that the second order
FRF F ,,(w, —w), or, practically, the DC component
of the nonlinear FR, would give enough information
for discrimination among the three models commonly
used to explain the bimodal FR curves obtained with
silicalite-1, and in that way for correct and unique
identification of the kinetic mechanism governing the
adsorption process. In a similar way, the nonlinear
FR could be used for discrimination among different
mechanisms suspected in reaction systems.

The three models analysed in this paper are not the
only ones resulting with bimodal frequency response
curves. They could also be obtained in a number of
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other cases, when two or more kinetic mechanisms
are influencing the overall rate of the process (e.g.,
micropore-macropore diffusion, micropore diffusion
with finite mass transfer rate, etc.). But, these cases
were not in the focus of this paper. The nonlinear fre-
quency responses and the higher order FRFs of such
systems will be analysed in one of our future papers.

Nomenclature

ap First order pressure coefficient
in the Taylor expansion of the
adsorption isotherm

ar First order temperature coefficient
in the Taylor expansion of the
adsorption isotherm

bpp Second order pressure coefficient
in the Taylor expansion of the
adsorption isotherm

brr Second order temperature
coefficient in the Taylor expansion
of the adsorption isotherm

bpr Second order mixed coefficient in
the Taylor expansion of the
adsorption isotherm

D, Micropore diffusion coefficient,
m?s~!
Fip(w) First order particle (g) vs. p

frequency response function

Second order particle (g) vs. p

frequency response function

ki, ko Rate constants for mass transfer

between transport and storage

pores, s~! (for model 2)

Constant defined in Eq. (11), s~!

K, =kyqoy +k;  Constant defined in Eq. (11), s~!

Ki=ky — ki Constant defined in Eq. (11), s7!

p Gas pressure defined as
nondimensional deviation from
steady state

q Sorbate concentration in the solid
phase at position r,,, defined as
nondimensional deviation from
steady state

q0 Nondimensional sorbate
concentration in the solid phase
at maximal coverage

(q) Average sorbate concentration in
the solid phase, defined as
nondimensional deviation from
steady state

Fopp(wr, w2)

K1 =kigu + k2

r,  Spatial coordinate of the
microparticle, m

R, Particle half-dimension, m

t Time, s

T,  Gas temperature, defined as nondimensional
deviation from steady state

T, Particle temperature, defined as nondimensional

deviation from steady state

Greek Symbols

6 Ratio of the equilibrium sorbate concentrations in
the storage and in the transport pores (model 2)

x  Fraction of sorbate corresponding to the
micropores of the first type, for model 1, or to the
transport pores, for model 2, at equilibrium

o Shape factor (0 for slab, 1 for cylindrical and 2
for spherical geometry)

& Modified heat of adsorption

¢ Modified heat transfer coefficient, g1

Subscripts

1 First type (model 1) or transport pores (model 2)
2 Second type (model 1) or storage pores (model 2)

Abbreviations

FR  Frequency response
FRF Frequency response function
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